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Abstract

In this paper, we discussed some statistical Properties of Mittag-Leffler.density with'o. = 1 . We
used some properties of gamma density function, Laplace transform=te~obtain the moment
generating function of Mittag-Leffler density for the sum of two distributed random variables.
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1. Introduction:

The Mittag-Leffler function, isha ‘generalization of the exponential series was introduced by
Magnus Gustaf. The Mittag-Lkeffler density was introduced by many researcher, for example, R.
Gorenflo, A. A. Kilbas, F. Mainardi and S. V. Rogosin see [2] , Seema S. Nair see [3] . Mathai
see [4] has'introducedha general statistical density related to a 3-parameter Mittag-Leffler function
and the following discussion depends on modified methods that was introduced by Mathai and
Haubold“see J1] . This Mittag-Leffler density has important properties which many researches

discussed.

2 . Mittag-Leffler Statistical Density. [1]

Mittag-Leffler function is denoted and defined as
Ea(Z) = kz_om, Real(a) > 0(21)

1
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And E,(z) is a generalization of the series of exponential functions. The following Mittag-
Leffler function is generalization of E,(z) called 2-parameter Mittag-Leffler function, it is

denoted and defined as

E () = kzzom Real(a) > 0, Real(B) > 0(2.2)

The most important generalization ofE,(z)called 3-parameter Mittag-Leffler function, it is
denoted and defined as

(0]

_ Nk
EY ,(2) = ;m, Real(a) > 0 ,Real(B) > 0(23)
Where
Wk=v+DF+2)..0r+k—-1 (2.4)

And (y)y is called Pochhmmer symbol
According to Gorenflo[2] , the Mittag-Leffler function is the mast important function in the
fractional calculus field. Consider a density of the following form

xS B _(CDFS
88 Li k! 65T (af -+ ak) (25

flx) =

For Real(a) >0, Real(f)>0, x=0,%>0

Let us rewrite (2.5) without Pochhammerssymbol (B), , and substitute

__ I'(B+k) .
(B = =5, In(25), we get

xPINTE(B ) (DR
SEL(B) 4™ k! SKT(aB + ak)

f(x) = (2.6)

For Real(a) >0, Real() >0, x =20, §>0
3. Propertiesiof the Mittag-L effler Density.
Let us find the mement generating function f(t) for Mittag-Leffler density, with parameter t, by

taking the expeeted value of the exponential function e** , we get

£() = E(et™) = f F() e dx
0

1 OTBHRD D [ e
_SBI"(ﬁ)kZO k! 8kT'(af + ak)o xeirfilet e (3.)

Fort <0

Put tx = —y in the integration in (3.1), we get gamma function [10] for t < 0 and (3.1) become
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f@®) =

1 < TIB+k)  (-1* o
m(ﬁ); k! oKI'(af + ak) r(ap + ak)(—t)~(@h+a

_ 1 NTTBAREDE g
Wﬁr(ﬁ),; ek T (3.2)

By using binomial theorem, we get

f®=QA+68(=))7F (3.3)

Let us substitutet = 0, we get
f(0)=E(E®)=E1) = ff(x) dx =(1+0)F =1 (314)
0

That means f(x) is a density function.
4. Special Case o= 1.
Let us substitute @ = 1 in (2.6), then f(x) written as

KB~ O (B k)N~ 1)k (x)*

&= S LTk N\ EE+ 1)
xB1 ST e
= 5P (B) H(’d_) (4.1)
k=0
From expansion of exponential function; we get
xP-1
flx) = WBT (4.2)

This is the gamma densityfunction, with the parameters £ and % [5]

4.1. The mean u of the Mittag-Leffler density at a= 1.
In this case.the™mean ‘of the Mittag-Leffler density is the mean of gamma density, it is the

expectedrvalue of x

o0}

u=E(x) = fxf(x) dx

0

= f" Frp . >
0

1
SEr

xﬁe% dx (4.3)
® f
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From gamma function (4.3) become
1

FE+ D =5

Br(p)si+t =ps (44

1
U= 631“—(,8)
Another method:
From (3.3), the moment generating function at « = 1 is
f®)=@@-6t)* (4.5)

We can find the first derivative of moment generating function f(¢)[9], we get
d
(=67 = g5 (1) (4.6)

And substitutet = 0, we get
fO=p=Ex)=p5§(1-0)F"1=ps (4.7)
4.2. The variance ¢? of the Mittag-Leffler density at a= 1.
In this case the variance of the Mittag-Leffler density is the variance of gamma density, and we

can find it by taking the expected value of x and x?

(0]

E(x?) = sz file) Ndx

0

X x
= f x? dx
0

SPLp)
- Sﬁ;(ﬁ)oj XPH1e% (4.8)
From gamma function (4.8) beecome
OO e T8 +2)89% = B(§ + DI (F6F*?
SET(B) SEr(B)
=pB(B + 1)6? (4.9)
We know that
0% =E(x?) — [E(x)]? (4.10)
From equations (4.4) and (4.9), (4.10) become
o2 =B(B +1)6%— (B6)? = Bs* (4.11)

Another method:

We can find the second derivative of moment generating functionf (t), we get

2
%(1 —6t)F = BB+ 1)62(1 - b6t)F2 (412)

And substitute t = 0, we get
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£1(0) =E(x?) = BB +1)§2(1-0)F"1 = BB +1)6? (4.13)
Substitute (4.7) and (4.13) in (4.10), we get (4.11)
4.3. The density of a sum.
Given u >0 and v > 0 are two independently distributed random variables with the density

functions f(u) and g(v)respectively. Let x = u + v. Then the density of x is
X
h(x) = f Flx—1) g(b) dt (4.14)
0

If v > 0 is a distributed random variable with Mittag-Leffler density at « = 1, and u >\0.s a

distributed random variable with another density functionf (u). Then the density of x = wH v is

th-1

h(x) = ff(x t)aﬁr(ﬁ) 5 dt (445)

And its moment generating function with the parameter —s is equal to

o)

x Bl
g(=s) = f ff(x —t) SFT(B) es dt pe ™ dx (4.16)
0 \0

Wheres > 0

From convolution theorem [10] (4.16) become

—¢) = p-1
9(=5) = 5 F(ﬁ) Hf @i e} (417)
WhereL{f (t)} = F(s)is the Laplace transform of f(t) with the parameter s[10], it is defined as
F(s) < MFWY=| F@e at (4.18)
0
We can find L{t#~4} from (4718)
r 1
B-11 — B-1p-st Jy =
L{tP~1} = f th-le—s dt—sﬁ re (4.19)
0
Laplace transform has the following Property
L{f(t)e*} = F(s —a) (4.20)
Then we can write L {tﬁ‘le%} as
- r
L{tF1e7) = ) (4.21)

o+

When we substitute (4.21) in (4.17), we get
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rp)
g(=s) = L{f ()}
W(ﬁ) (S * s)
1 1 1
S F(S)——F5= FF(s )—
5/3 (S 4 %)ﬂ /3 1 (5 1)8
Lett = —s, we can rewrite the moment generating function g(t) as
1

g() =F(-t) A —60F (4.23)
Fort <0
Let us substitute t = 0, we get

1
g(0) =EE)=E1) = | h(x) dx = F(0)———— (4.24)
f (1 —800))°

From Laplace transform

F(0) = f f(e Ot de = f f(O), dt =1 (4.25)

0 0

Because f(t) is a density function, we camsubstitute (4.25) in (4.24), we get

] h(x) dx = (1);[; =1x1=1 (4.26)

s (1'<.060))

That means h(x) is a density functien.

Conclusion:
In this paperowe“presents the basic properties of Mittag-Leffler density, and use convolution
theorem to_studysthe"moment generating function of sum of two random variables, this theorem

allow us to.woerk with highest order of moment generating function of Mittag-Leffler density.
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